I. INTRODUCTION
Recently a new formulation of electromagnetic scattering was introduced, whereby a radiation condition is imposed directly on the surface of the scatterer [l] (see [2] for a good review of this and other related methods). This so-called on-surface-radiation condition (OSRC) method retains terms only up to p-3/2 in the asymptotic far-field expansion of the two-dimensional scattered fields. Yet, the method has been shown to yield remarkable results for convex, twodimensional perfectly conducting bodies at medium and medium-high frequencies. A later paper reports the application of the OSRC method to scattering by two dimensional homogeneous dielectric bodies [3] . The authors of [3] seem to claim that the method is successfully extendable to twodimensional convex dielectric objects in the medium frequency range. However, since large reactive fields can exist in the vicinity of a dielectric object, and the OSRC method does not properly account for these fields, caution must be exercised in extending the method.
In this communication we investigate the application of radiation boundary conditions to two-dimensional scattering by a homogeneous penetrable cylinder. The second-order radiation boundary operator of [l] is applied on a conformal outer boundary enclosing the object. By taking the specific case of a lossless circular cylinder for which the exact solution exists, it is shown that the OSRC method does not necessarily yield accurate results for all values of material constants. Highly erroneous results are produced for certain values of permittivity and permeability, while acceptable results can be obtained for others. Further investigation reveals the cause of these erroneous results to be related directly to the error in the reactive portion of the complex scattered power. However, as the outer boundary of the radiation condition recedes away from the object contour, the error is shown to diminish. Numerical results are presented for the bistatic echo width for both transverse electric VE) and transverse magnetic (TM) polarizations. In Section 11, *e solution to plane wave scattering by a homogeneous circular cylinder subject to the radiation boundary conditions is presented. Error functions are established based on the surface current as well as complex scattered power. Numerical results and discussion are presented in Section m. Fig. 1 shows the geometry of the problem. A uniform plane wave propagating in the xdirection is incident on a uniform, lossless circular cylinder of radius a. The relative permittivity and permeability of the cylinder are er and p , , respectively. The objective is to determine the scattered field. An exact solution to this problem can be obtaiped in terms of cylindrical harmonics and is listed in a number of books (see, e.g., [4]). We shall, however, find an approximate solution to the problem by imposing the second-order radiation condition of [l] on an outer boundary, and compare it to the exact solution. An eiot time dependence is assumed of all field quantities and suppressed throughout, where o is the radian frequency of the incident wave and t is the time variable.
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II. THFORETICAL DEVELOPMENT
A . Exact and Approximate Fields
Let s, denote the surface of the cylinder and let s b denote an outer boundary of radius b as shown in Fig. 1 . We normalize all dimensions to the free space wavenumber k, and let R = k,p, R , = koa and R b = k,b. Fields will be presented for the TM case only. However, the results could also be used for the TE case by the application of duality. Accordingly, we let $ represent cz for the TM case and H, for the TE case. The incident field $' and the general form of fields in region 1 (R < R,) and region 2 ( R , < R < 00) can be represented as Notice that as R + 00, a + 1, /3 + -j , y + 0, and, B, + (1 -j ( a / a R ) ) , the well-known Sommerfeld radiation operator. It can be shown that the application of the condition B2$, = 0 to the asymptotic expansion of the scattered field retains terms only up to order R-3/2. Only the term of order R-'12 would exist in the far zone and we can then think of it as the radiative field. The rest would then correspond to the reactive field. Hence the asymptotic scattered field obtain by the approximate method will contain only the lower order reactive terms on the outer boundary. outgoing and incoming waves in the region between S, and sb, thus resulting in B," # C,". This is in contrast to the exact field (BE = C,') which has only an outgoing wave in region 2. The modal reflection coefficient r,, defined as the ratio of the incoming to outgoing components in region 2 can be obtained as
= --1, n + 00 and R b fixed -l / R i , Rb + a0 and n fixed.
(8) In the preceding equations, a prime denotes differentiation with respect to the argument, and HA')(-) and H i 2 ) ( -) represent Hankel functions of the first and second kind. The subscript b in a, /3, and y indicates that the quantities are evaluated on R = R,. Although the material constants do not enter the expression for the modal reflection coefficient, they do effect the relative strength of each mode.
The fields scattered by the cylinder can be thought of 5s being produced by equivalent electric and magnetic currents ( J , , M,) existing on a contour S. For the TM polarization, the electric current existing on the surface of the cylinder corresponding to the nth mode (or harmonic) is proportional to A,,JA(k,R,). The magnetic current is proportional to A,, . I , , ( k, R J . The magnitude of these currents tend to zero faster than any inverse power of n [6] .
The highest significant harmonic excited by the cylinder is approximately of order k,R,. Of these, some modes contribute predominantly to the radiative field and some to the reactive field. Since the higher order harmonics are rather strongly reflected, we expect the OSRC or other radiation condition method to produce accurate results provided that the magnitudes of the reactive modes are small compared to those of the radiative modes.
From the knowledge of $ and its normal derivative a $ / a n over an arbitrary contour C in region 2, the scattered field $, could be obtained from the equation 151
where all quantities are expressed in the normalized coordinaF system ( R , +), F is the unit vector in the observation direction, R' i : a point on the contour C, and fi is a unit normal on the contour at R'. It may be noted that the quantity $ in (9) could be the total field or the scattered field. Using (3) in (9), we finally arrive at
Note that the far-zone scattered field is independent of B,. The bistatic echo width U of the dielectric cylinder normalized to the free space wavelength X, is
B. Error Analysis
Two criteria for assessing the error in the approximate field are considered in this communication. The first kind of error is based on a comparison of the total electric and magnetic surface currents induced on the surface S, of $e cylicder. The equivalent electric and magnetic surface currents J, and M, induced on the surface are ( fi x e) and -( 2 x z), respectively. In the case of TM polarization, J, = S4, and M, = $Ez. We define the relative root mean square (rms) error in the electric and magnetic surface currents SJ, and SM, as (with the superscripts e and a standing for exact and approximate fields, respectively) Int (4k,R,) .
Results for the OSRC method can be obtained from the general case by making the substitution R , = R,. The first case we consider is that of a cylinder with E , = 2, p, = 2, and R, = 2.5. The various parameters chosen are the same as those chosen in [3]. Further, we take R , = R , to represent the OSRC case. Fig. 2(a) shows the magnitude of the equivalent electric and magnetic surface currents existing on the surface S, of the cylinder. Comparisons are shown between the exact solution and the solution due to the OSRC method for the TM and the TE polarizations. Fig. 2(b) shows the comparison of the phase. It is seen that for the above choice of parameters, the OSRC method models the surface currents quite satisfactorily as pointed out by the authors of [3]. Based on the success of this example, the authors of [3] seem to conclude that the method is applicable in general. However, we shall see shortly that this is not necessarily true. Fig. 3 shows the relative error in surface currents due to the OSRC method computed using (12) and (13). The cylinder is still assumed to have p , = 2 and R, = R, = 2.5, but the dielectric constant E , is now varied between 2 and 4. It is seen that although a low error is achieved with E, = 2, very large error in surface currents is produced for values of E, in the range 2.8 < E, < 3. 6 for the TM case, and in the range 3.2 < e, < 4 for the TE case.
Further, we notice that the peak errors for the TM and TE cases occur at different values of E,. To further investigate the cause of these large errors, the error in complex scattered power computed as per (14) and (15) is plotted in Fig. 4 . Results are shown for the real as well the imaginary (reactive) parts of the scattered power. For the TM case, it is seen that while large errors result in both the real and imaginary parts of the complex power within the range 2.8 < E, < 3.6, the error is relatively larger in the reactive part.
The OSRC method retains terms only up to order R -3 / 2 for the electric field on the surface of the cylinder in the asymptotic expansion. In particular, it does not always model the reactive terms correctly as clearly exhibited in Fig. 4 . Although a large error in reactive fields does not always results in a large error in the far-zone scattered field, one needs to be aware of its possibility. Similar conclusions can be drawn for the TE case.
To get a feel for the magnitude of the errors involved, Fig. 5 shows the normalized bistatic echo width of the cylinder for the TM case with E, = 3.13, p, = 2 and R , = R , = 2.5. At the chosen value of E,, the error shown in Fig. 4 reaches a peak. We see that the OSRC method results in highly erroneous results. Table I shows the magnitude of the magnetic surface current induced on the surface S , for various harmonics. Comparison is shown between the exact theory and the OSRC method. It is seen that while the OSRC method correctly models most of the harmonics, it incorrectly predicts a relatively large amplitude for the fourth harmonic. It is the error in the fourth harmonic that is the cause of large errors seen in Fig. 4 . For a fixed cylinder radius, a large error is produced when a particular harmonic is strongly excited in the exact field alone or in the approximate field alone. This occurs for certain values of E, and p,. In the present example, the fourth harmonic is strongly excited in the approximate field, whereas it is only moderately excited in the exact field. Similar errors are produced in the electric surface current. The accuracy of the radiation boundary condition method is affected by the location of the outer boundary. As we move the outer boundary S , sufficiently far away from the object boundary, the reactive fields should decay and accurate results can be achieved. Fig. 6 shows the error in complex power for the TM case as the outer boundary recedes away from the object boundary. Results are shown for e, = 3.13, p , = 2, and R, = 2.5. It is seen that there is a region around the object where large errors are incurred on employing the second order radiation boundary condition. Moreover, for this specific case, the error does not decrease monotonously with the radius of the outer boundary. It is seen from Fig. 6 that the error is worse when the outer boundary is located slightly away from the object than when it is located right on the surface of the object. In any case, the error decays rapidly as the outer boundary is moved sufficiently far away from the surface of the scatterer. The error is insignificant for R , / R , approximately greater than 1.3. Fig. 5 shows the bistatic echo width for er = 3.13, p, = 2., R , = 2.5, and R, = 1.3R0. Good agreement is seen for the bistatic echo width.
Numerical experiments were also performed on larger cylinders. Although, the error decreases, in general, as the size of the object increases, it was observed that, in most cases, the OSRC method produces large errors for certain values of material constants. Fig. 7 shows the error in the complex scattered power for the TM case for p, = 2, R, = 10, and E, varied between 1.1 and 2.0. The radius of the cylinder is four times as high as in the previous case. It is seen that once again large error occurs in both the real and imaginary parts for some values of E,. The large errors are due to the incorrect modeling of certain harmonics. For example, with e, = 1.408, the OSRC method grossly underestimates the thirteenth harmonic of the magnetic surface current besides producing not-so-high error in the other harmonics. Fig. 8 shows the bistatic echo width of the cylinder with E, = 1.408, p, = 2., and R, = 10. The echo width in the forward scattering direction is approximately off by a factor of 2. Disagreement occurs in other directions as well. However, as the outer boundary recedes sufficiently far from the object surface, be#er agreement is obtained. Fig. 9 shows the error in the scattered power for the TM case plotted as a function of R , f R , . For R , / R , approximately greater than 1.5, the relative error for the TM case is less than 0.3. However, the decay with R , f R , is slower for the larger cylinder than it is with the smaller cylinder of Fig. 6 . The bistatic echo width with R , / R , = 1.5 is plotted in Fig.  8 for comparison. It is seen that good agreement is once again obtained for all observation angles.
Iv. SUMMARY
The performance of the second-order radiation boundary condition of Kriegsmann and Morawetz is evaluated by studying two-dimensional scattering by a lossless, penetrable circular cylinder of In this communication, we present a theoretical and numerical analysis of the resonant frequencies and radiation patterns of the dual-frequency stacked circular-disk and annular-ring antennas which yields excellent agreement with the data of LW and DLW. We believe this theory is of considerable interest as it can be used to obtain much needed design information on this type of antennas.
In Section II, the problem is formulated in the Hankel transform domain. The formulation is applied to the circular-disk geometry in Section Ill and to the annular-ring geometry ip Section IV. In both cases, numerical results are given for resonant frequencies and radiation patterns, with the resonant frequencies defined as the zeros of a moment method matrix. The results are compared with experimental data. Section V contains some concluding remarks. 
A. Green's Function in the Hankel Transform Domain
The geometries of the antenna are shown in Fig. l(a) for the circular-disk and Fig. I@) for the annular-ring. The patches are fed by a coaxial probe, the inner conductor of which passes through a clearance hole in the lower patch and is electrically connected to the upper patch. In this study, we are concerned with resonant frequencies and radiation patterns, ancl the feed will not be included in the formulation. For both the circular-disk and the annular-ring, we use the approach similar to that in [9] . The first step is to derive the equation relating the Hankel transform of the electric surface current densities on the patches to the Hankel transforms of the tangential electric field components on the surfaces of the substrates. After some lengthy but standard manipulations and the application of the interface conditions at z = 0 and z = -d, we obtain the following equation:
